Optically Dark State in a Ring Cavity with Nanomechanical Mirrors 
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We study the effect of a strong coupling field on the absorptive property of a ring cavity with 
two mirrors oscillating at slightly different frequencies to a weak probe field. We find that three 
absorption peaks appear in the output probe field under the action of a strong coupling field. At 
high driving power, the narrow central peak represents a long-lived dark state of the transmitted 
probe field when the detuning between the probe field and the coupling field matches one-half the 
sum of the two mechanical frequencies. We observe the normal mode splitting in both the output 
probe field and the generated Stokes field. We also find that the suppression of the four-wave mixing 
process can be achieved on resonance. Such optomechanical systems hold promise for applications 
in optical information processing. 



PACS numbers: 42.50.Gy, 03.65.Ta, 42.50.Wk 



I. INTRODUCTION 

It is well-known that a A-type three-level atomic 
medium can become transparent to a weak probe field 
by applying a strong coupling field, which is the result of 
the destructive interference between two different excita- 
tion pathways to the upper level. This is the phenomenon 
of electromagnetically induced transparency (EIT) [l|-[l] . 
Since there is almost no absorption for the probe field, 
the atomic system becomes a coherent superposition of 
two lower levels with a small decay rate, thus the atomic 
system doesn't couple to the light fields, this superpo- 
sition state is called a dark state [5[- The dark state 
has potential applications in optical processing and quan- 
tum manipulations such as coherent population trapping 
[1, 0] , photon storage Q , and so on. Recently, studies 
of the EIT effect have been extended to the macroscopic 
optomechanical systems. The analogy of EIT in the op- 
tomechanical systems has been shown theoretically [9|- 
1 1 ill - and was later observed in a number of experiments 
[13 - [l5| . Further, it has been reported that light can be 
stored as a long-lived mechanical excitation in optome- 
chanical systems [li| [I?} • Meanwhile, mechanical dark 
state can be created in optomechanical systems [l8l - l22j ]. 
which allows the system to avoid the influence from the 
thermal noise. Additionally, recent work in an optome- 
chanical system with a microwave on-chip cavity coupled 
to two mechanical resonators has shown an optically dark 
state with a long lifetime, which gets asymptotically de- 
coupled from the cavity field [23] . Moreover, the electro- 
magnetically induced absorption in a transparency win- 
dow is shown in a two-cavity optomechanical system [24j . 

In this paper, we investigate the nonlinear response of 
a ring cavity with two moving mirrors having two close 
frequencies to a weak probe field in the absence and the 
presence of a strong coupling field. We find that there is 
a narrow absorption peak in the transmitted probe field 
in the presence of the coupling field with high power. The 
narrow absorption peak is corresponding to a long-lived 
dark state. We also observe the normal mode splitting in 
the output probe field at high driving power. In addition, 



we show that the normal mode splitting occurs in the 
Stokes field generated by means of the four-wave mixing 
process. And the four-wave mixing process is completely 
suppressed on resonance. However, if two movable mir- 
rors in a ring cavity are oscillating at identical frequen- 
cies, the EIT-like dip can be observed in the output probe 
field, and the four-wave mixing process is not suppressed 
on resonance. 

The paper is organized as follows. In Sec. II, we intro- 
duce the system, give the time evolutions of the expecta- 
tion values of the system operators, and solve them. In 
Sec. Ill, the expressions for the components of the out- 
put field at the probe frequency and the Stokes frequency 
are given. In Sec. IV, we present the numerical results 
for the output probe field without or with the coupling 
field, and compare it with that from a ring cavity with 
two movable mirrors having equal frequencies. In Sec. V, 
we show the numerical results for the output Stokes field 
from a ring cavity with two moving mirrors having dif- 
ferent or equal frequencies, and compare them. Finally 
in Sec. VI, we conclude the paper. 



II. MODEL 

We consider a ring cavity with round-trip length L 
formed by three mirrors, as shown in Fig. [T] [25]. One 
of them is not movable and partially transmitting, while 
the other two arc allowed to vibrate and assumed to have 
100% reflectivity. The cavity field at the resonance fre- 
quency loq is driven by a strong coupling field with am- 
plitude e at frequency u c . Meanwhile a weak probe field 
with amplitude s p at frequency uj p is sent into the cavity. 
The coupling field and the probe field are treated clas- 
sically here. The mechanical motions of both movable 
mirrors are linearly coupled to the cavity field through 
the radiation pressure force, respectively. Assuming that 
k is the wave vector of the cavity field with k = loq/c, 
c is the speed of light in vacuum, the radiation pressure 
force acting on the movable mirror caused by the light 
field can be calculated from the momentum exchange be- 
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tween the cavity field and the movable mirror, which is 
F = gftfc^Ig/g) c t c _ ft^o c t C cos(6»/2), where 6 is the 
angle between the incident light and the reflected light 
at the surfaces of the movable mirrors, c^c is the photon 
number operator of the cavity field, c' and c are the cre- 
ation and annihilation operators of the cavity field, obey 
the standard commutation relation [c, c'] = 1. The mov- 
able mirrors' dynamics can be approximated as those of a 
single harmonic oscillator, with resonance frequency Uj, 
effective mass rrij, damping rate jj (j = 1,2). In a frame 
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Starting from the Heisenberg equations of motion, tak- 
ing into account the dissipations of the cavity field and 
the mechanical oscillators, and neglecting quantum noise 
and thermal noise, we obtain the time evolutions of the 
expectation values of the system operators 

(Qi) = wi(Pi), 

(A) = -wi <Qi) - $1 <ct)(c) cos ^- 7l <Pi>, 
(Q 2 ) = w 2 (P 2 >, 

(P 2 ) = -w 2 <Qa>+fla(c t )(c)cos^-Ti,(Pa>, 

Q 

(c) = -i[u - uj c + (si(Qi) - ff 2 (Q 2 ))cos-](c) +e 



+e p e 



iSt 



k{c), 



(2) 



where we have used the mean field assumption (etc) ~ 
(c^)(c) and (Qjc) ~ (Qj)(c) (j = 1,2). Since the probe 
field is much weaker than the coupling field (|e p | << e), 
the steady-state solution to Eq. $2$ can be approximated 
to the first order in the probe field e p . In the long time 
limit, the solution to Eq. ([2]) can be written as 



(s) = s + s + e p e~ l5t + s_e*e iat , 



iSt 



FIG. 1: The scheme of the optomechanical system. A strong 
coupling field at frequency u c and a weak probe field at fre- 
quency Ldp are injected into the ring cavity via the fixed mirror 
and interact with two movable mirrors whose resonance fre- 
quencies (cji,cj2) are a little different. 

rotating at the driving frequency u c , the Hamiltonian of 
the system takes the form 



H 



u c )Jc+^-{Q\ 



Pi 
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-KdiQi 
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Here the first three terms are the free energies of the 
cavity field and two mechanical oscillators, respectively, 
(Qj,Pj) denote the dimensionless position and momen- 
tum quadratures of the two mirrors, Qj — \/ i" 3 Qj , 



yf^^Pj U = 1,2), and [Q 3 ,P k ] = iS jtk {j,k 



(j = 1,2) is the optomechanical 



1,2). The fourth term describes the optomechanical in- 
teractions between the cavity field and the two movable 

mirrors, gj = 2 j^ L 

coupling strength. The last two terms give the interac- 
tions of the cavity field with the coupling field and the 
probe field, respectively, e is related to the power p of the 

coupling field by e — \Jj^, where k is the decay rate 

of the cavity due to the transmission losses through the 
fixed mirror, e p is related to the power p p of the probe 

field by \s p \ = yjigj-, 5 = u p -u c 
probe field from the coupling field. 



is the detuning of the 



(3) 



where s — Q±, Pi, Q 2 , P 2 , or c. The solution contains 
three components, which in the original frame oscillate 
at u c , u p , 2u c — uj p , respectively. Substituting Eq. ((3]) 
into Eq. ©, equating coefficients of e° and e ±lSt , we find 
the following analytical expressions 



Qw — 

Q20 = 

co = 

c+ = 
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co|, P20 = 0, 



k + iA' 
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d(8) 



{[«-i(A + J)](w? -S 2 -i^S) 



x(u 2 - S 2 - ij 2 S) + i[Gfuj 1 (uj' 2 - 5 2 - ij 2 S) 
+G 2 2 u 2 (uf-6 2 -i-y 1 5)}}, 



-[G\ux{ul - S 2 + i l2 8) 



MM*)* 

+G 2 ,u 2 (u' 2 -<5 2 + i7i(5)], 



(4) 



where G\ = gi|c |cos| and G 2 — g 2 |c |cos| are the 
effective optomechanical coupling rates, A = luq — uj c + 
(31Q10 ~ 52Q20) cos I is the effective detuning of the cou- 
pling field from the cavity resonance frequency, including 
the frequency shift induced by the radiation pressure, and 

d(6) = [k + i{A - S)][k - i(A + S)](uf - 8 2 - i^S) 



x{lo 2 2 - 5 2 - 
+G 2 u 2 (u 1 



ij 2 d)-2A[Gfu 1 (u 
-S 2 -i 11 5)]. 



ij 2 6) 
(5) 
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III. THE OUTPUT FIELD 

The output field can be obtained by using the input- 
output relation e out (t) = 2k(c). In analogy with Eq. ([3]), 
we expand the output field to the first order in the probe 
field £•„, 



£out(t) 



£outO 



(6) 



where £ uto, £<>«*+, and £ ut- are the components of the 
output field oscillating at frequencies lu c , lu p , 2lu c — u> p . 
Here £ ou t- is called a Stokes field, and it is generated 
via the nonlinear four-wave mixing process, in which two 
photons at frequency uj c interact with a single photon at 
frequency lu p to create a new photon at frequency 2uj c — 
Lo p . Thus we find that the components of the output field 
at the probe frequency and the Stokes frequency are 



£out+ — 2kc+, 
£out— — 2kc~, 



(7) 



respectively. In the absence of the coupling field (p = 0), 
the components of the output field at the probe frequency 
and the Stokes frequency are given by 



2 k 



~-out-\- 



£out — 



K + i(A -5)' 



0. 



(8) 



These are not unexpected results. Let us write the real 
part of £out+ as v p , which exhibits the absorption char- 
acteristic of the output field at the probe frequency. It 
can be measured by the homodyne technique [26J . 



IV. NUMERICAL RESULTS OF THE OUTPUT 
PROBE FIELD 
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FIG. 2: (Color online) The dependence of the real parts of 
the roots of d(S) in the domain Re(5) > on the power p of 
the coupling field. 
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FIG. 3: (Color online) The dependence of the imaginary parts 
of the roots of d{8) on the power p of the coupling field. 



In this section, we numerically evaluate how the cou- 
pling field modifies the absorption of the ring cavity to 
the probe field. 

The values of the parameters chosen are similar to 
those in [12]: the wavelength of the coupling field 
A = 2itc/uj c = 775 nm, the coupling constants <?i = 
2tt x 12 GHz/nm x^//i/(miWi), g 2 — 2n x 12 GHz/nm 

x ^Jh/(m20J2), the masses of the movable mirrors mi = 
TO2 = 20 ng, the frequencies of the movable mirrors 
0J\ = u) m + 0.1w m , lo 2 = u> m - 0.1w m , where w m = 
2ir x 51.8 MHz, the cavity decay rate k = 2ir x 15 
MHz, n/u m ~ 0.289 < 1 (the system is placed in re- 
solved sideband regime), the mechanical damping rates 
71 = 72 — 7 — 2n x 4.1 kHz, the mechanical quality 
factors Q[ = wi/71 ~ 13897, Q' 2 = W2/72 ^ 11370, the 
angle 9 = ir/3. And the coupling field is tuned close to 
the red sideband of the cavity resonance A = u m . The 
parameters chosen ensure the system operating in the 
stable regime. 

We note that the structure of the quadrature of the 
output probe field v p is determined by d(S). The roots S 



of d(5) are complex values. The real parts Re(<5) of the 
roots determine the positions of the normal modes of the 
optomechanical system; the imaginary parts Im(<5) of the 
roots describe their widths. Figure [2] shows the real parts 
of the roots of d(S) in the domain Re(<5) > versus the 
coupling beam power. It is seen that the real parts of the 
roots of d(S) are Re((S) = 0.9u; m , u m , l.lu> m at low driving 
power. At high driving power, one of the real parts is still 
to m (dotdashed curve), not changing with increasing the 
power of the coupling field, the difference between the 
other two (dotted curve and dashed curve) increases with 
increasing the power of the coupling field, which implies 
the normal mode spitting [27H29| in the output probe 
field. Figure [3] shows the imaginary parts of the roots of 
d(S) versus the coupling beam power. We see that the 
imaginary parts of the roots of d(6) have three different 
values at low driving power. At high driving power, the 
imaginary parts of the roots of d(5) have three values, two 
of them are identical, the other one is small. Moreover, 
in Figs. [2] and [31 the dotdashed curves represent the 
real part and the imaginary part of one of the roots of 
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d{6), respectively, similarly for dotted curves and dashed 
curves. Hence, at high driving power, the central peak 
in the quadrature u p is narrow, two side peaks in the 
quadrature u p have the same broad linewidths. 




FIG. 4: (Color online) The quadrature of the output probe 
field Up as a function of the normalized probe detuning 5/uj m 
for cji = l.lo; m and 012 = 0.9cj m . The black solid, blue dot- 
dashed, and red dotted curves correspond to p — 0, 2 mW, 
and 15 mW, respectively. 



In Fig. 21 we plot the quadrature of the output probe 
field v p as a function of the normalized probe detuning 
S/u! m for three different powers of the coupling field. 
In the absence of the coupling field, u p (solid curve) 
has a standard Lorentzian absorption peak with a full 
width at half maximum (FWHM) of 2k at the line cen- 
ter S/cj m — 1. However, in the presence of the coupling 
field with power 2 mW, it is seen that the dotdashed 
curve shows three absorption peaks in the quadrature 
Up. From Figs. [2] and [3l it is known that these three 
peaks located at different probe detunings in Fig. @] 
stem from a combination of two dressed modes located at 
5/u) m = 0.9, 1.1 with narrow linewidths and the other one 
located at 8/uj m = 1 with broad linewidth, and the two 
narrow contributions are inverted relative to the broad 
contribution Q. For the central peak in Fig. [U the 

FWHM is about (wi - w 2 ) - (7 + G ^ G " ). This central 
peak at S/uj m = 1 implies that the incident probe field 
is almost fully absorbed by the optomechanical system, 
thus the component of the output field at the probe fre- 
quency Lu p = lu c + uj m is almost zero, so the central peak 
can be considered as a dark mode of the output probe 
field on resonance S = A = u m . This is the result of the 
constructive interference between the input probe field 
and the anti-Stokes fields generated through the inter- 
actions of the input coupling field with two oscillating 
mirrors. Further, from the dotted curve in Fig. 21 one 
can see that increasing the power of the coupling field to 
15 mW results in a larger splitting between the left and 
right side peaks with the same linewidths, it also results 
in a narrow central peak. Our calculations show that 
in the strong coupling limit 2{G\ + G\) » (k — S) 2 , 



the three dressed modes of the system corresponding 
to the three absorption peaks are 6 « ui m — ij/2, and 
6 « uj m ± ^2(G'( + G'i) - + 2). Note that the 
FWHM for the narrow central peak at 8 — u> m is about 7, 
i.e. roughly 7317 times narrower than that in the absence 
of the coupling field. Therefore, the narrow central peak 
leads to a long-lived dark mode with decay rate 7, which 
means that the weak classical probe field is stored in the 
optomechanical system with a long lifetime 7 . Hence, 
this optomechanical system could be used for light stor- 
age. In addition, the FWHM for the right and left peaks 
at 6 1=3 uj m ± \\J2(G\ + G 2 .) are the same (n + ^), the 
splitting between the side peaks is about ^/2{G\ + G 2 .), 
which is proportional to the power of the coupling field. 
These results are consistent with those in Figs. 2 and 3. 




FIG. 5: (Color online) The quadrature of the output probe 
field Up as a function of the normalized probe detuning S/u) m 
for uji — U12 — ijJm- The black solid, blue dotdashed, and 
red dotted curves correspond to p = 0, 2 mW, and 15 mW, 
respectively. 



For comparision, we consider the same previous sys- 
tem, but the two mechanical oscillators have the same fre- 
quencies uji = ui2 = w m , thus their effective optomechan- 
ical coupling rates are equal, we assume G\ = G2 = G. 
We plot the quadrature of the output probe field Up as a 
function of the normalized probe detuning 6 /ui m for three 
different powers of the coupling field, as shown in Fig. [5] 
When the coupling field is not present, the quadrature 
Up (solid curve) has a Lorentzian absorption lineshape. 
However, the presence of the control field with power 
2 mW leads to a narrow EIT-like dip at the line cen- 
ter (dotdashed curve). Thus the probe field can almost 
completely propagate through the ring cavity on reso- 
nance with almost no absorption. The FWHM of the 
EIT-like dip is about 7 + The EIT-like dip is at- 

tributed to the destructive interference between the input 
weak probe field and the scattering quantum fields at the 
probe frequency uj p generated by the interactions of the 
coupling field with two mirrors having identical frequen- 
cies. Moreover, in the strong coupling limit 2G >> k, 
the normal mode splitting exhibits in the quadrature u p 
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(dotted curve), the two peaks have the same FWHM of 
k + their positions are S ~ u> m ± G, the separation 
between them is about 2G. 

In order to understand the narrow central peak in Fig. 
[4] and the EIT-like dip in Fig. [5j let us introduce the rel- 
ative and center of mass coordinates of the two movable 



mirrors as 



Qa 
Qs 



giQi + 92Q2 
V9J+9I 



g\P\ - 92P2 

V9 2 ! + 9l ' 

91 Pi + 92P2 

V9 2 i+9 2 ' 



(9) 



With these new coordinates we can write the Hamilto- 
nian Eq. ([1} as 



H 



K u -u c )Jc + ^-{Ql + P*) + ^{Ql 

+ -M+9l)(^-^){QaQs+PaPs) 

4 9i 92 



P 2 ) 



+fty9i + ff|QaC t c cos - + ihe(J - c) 
+ih{e p Je- lSt -e* p ce t5t ), 



(10) 



where u = \{g\ + gi)Qft + The fourth term in 

Eq. (fT0|) describes the interaction between the relative 
and center of mass coordinates. The fifth term in Eq. 
(fTQ)) shows that the interaction between the relative co- 
ordinate and the cavity field. When the two mechanical 
frequencies are equal u>\ = 0J2, the fourth term vanishes, 
the center of mass coordinate is decoupled from the rela- 
tive coordinate, and it is also decoupled from the cavity 
field, so only the relative coordinate is coupled to the cav- 
ity field via radiation pressure, which generates a trans- 
parency dip in the output probe field, as shown in Fig. 
[5j When the two mechanical frequencies are not equal 
bj\ =/= L02, it is seen that not only the relative coordinate 
and the cavity field interact with each other, but also 
the relative and center of mass coordinates interact with 
each other, which leads to a narrow central peak in the 
output probe field, as shown in Fig. |4] 



V. NUMERICAL RESULTS OF THE OUTPUT 
STOKES FIELD 

In this section, we numerically examine the effect of 
the coupling field on the output Stokes field generated 
via the four-wave mixing process. 

Figure [B] shows the intensity of the generated Stokes 
field 

Eout— 1 2 as a function of the normalized probe detun- 
ing S/uj m for several values of the driving power when the 
frequencies of the two mirrors are not equal (wi = 1.1 u m 
and u 2 = 0.9w m ). It is seen that \e out -\ 2 = (solid 
curve) in the absence of the coupling field. However, in 



the presence of the coupling field, the \s c 



(dotdashed 



curve and dotted curve) exhibits the normal mode split- 
ting, the peak separation increases with the power of the 
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FIG. 6: (Color online) The intensity of the Stokes field 
|£ otl t_| 2 as a function of the normalized probe detuning S/uim 
for cji = l.lwm and LJ2 ~ 0.9u m . The black solid, blue dot- 
dashed, and red dotted curves correspond to p — 0, 2 mW, 
and 15 mW, respectively. 



coupling field. Moreover, the maximum value of |e OM t_| 2 
is increased with the power of the coupling field, the max- 
imum value of |e out _| 2 is about 0.19 when p = 15 mW. 
Note that the intensity of the Stokes field goes to zero 
when the detuning S/uj m = 1. Hence, the four- wave mix- 
ing effect is completely suppressed on resonance so that 
there is only the probe field stored inside the optome- 
chanical system. The suppression of the four-wave mix- 
ing effect on resonance is due to the destructive interfer- 
ence between the Stokes fields produced by the coupling 
field interacting with the two movable mirrors oscillating 
at frequencies oj\ = l.lw m and W2 = 0.9w m . 
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FIG. 7: (Color online) The intensity of the Stokes field 
|£ otl t_| 2 as a function of the normalized probe detuning 8/ui m 
for uj-y = 0J2 ~ u} m . The black solid, blue dotdashed, and 
red dotted curves correspond to p = 0, 2 mW, and 15 mW, 
respectively. 



For comparision, we also consider the case of a ring 
cavity in which the frequencies of the two mirrors are 
equal (u>i = ui2 = w ro ), the intensity |e oll t_| 2 of the out- 
put Stokes field versus the normalized probe detuning 
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6/u> m for several values of the driving power is shown in 
Fig. [71 The significant difference between Fig. [TJand Fig. 
[6] is that the intensity of the Stokes field in Fig. [7] is non 
zero at 5/u) m — 1 in the presence of the coupling field. 
Thus the four-wave mixing process is not suppressed at 
5/u) m — 1, which arises from the constructive interfer- 
ence between the Stokes fields produced by the coupling 
field interacting with the two movable mirrors oscillating 
at the same frequencies uj\ — U2 = Lu m . So there is no 
apparent normal mode splitting in this case. 

VI. CONCLUSIONS 

To summarize, we have demonstrated how a strong 
coupling field affects the propagation of a weak probe 
field in a ring cavity with two movable mirrors whose 
frequencies are close to each other. We find that the 
probe field is totally absorbed by the cavity so that the 
output probe field is in a long-lived dark state in the pres- 



ence of the coupling field with high power. This is spe- 
cially useful for prolonging the interaction time between 
the cavity field and the two movable mirrors, and the 
preparation of the tripartite entanglement between the 
cavity field and the two mechanical modes [30( ■ In addi- 
tion, we show that the coupling field induces the normal 
mode splitting in the output probe field and the output 
Stokes field. Moreover, the four-wave mixing suppres- 
sion takes place in this optomechanical system when the 
probe detuning is one-half the sum of the two mechani- 
cal frequencies. However, when two movable mirrors in 
a ring cavity have identical frequencies, the response of 
the ring cavity to a weak probe field in the presence of 
a strong coupling field would be different. We observe a 
narrow transparency dip in the output probe field, and no 
four-wave mixing suppression when the probe detuning 
is equal to the mechanical frequency. 

The author thanks Prof. G. S. Agarwal for helpful 
discussions. The author also thanks Prof. Lin Tian for 
support. 
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